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Abstract. We find for small e positive solutions to the equation 

-div (lxr'"V«) - i^p^ « = (l + ek(x)^ ^ 

in R^, which branch off from the manifold of minimizers in the class of radial functions 
of the corresponding Caffarelli-Kohn-Nirenberg type inequality. Moreover, our analysis 
highlights the symmetry-breaking phenomenon in these inequalities, namely the existence 
of non-radial minimizers. 



1. Introduction 



We will consider the following elliptic equation in in dimension > 3 



-div (Ixl 



-2a 



V-u) 



A 



\2{l+a) 



u = K(x) 



X S 



\{0} 



where 



oo < a < 



N 



-oo < A < 



N -2a 



p = p{a,b) 



2N 



(1.2) 



and a < b < a + 1. 



N -2{l + a-b) 

For A = equation (|1.1| ) is related to a family of inequalities given by Caffarelli, Kohn and 
Nirenberg [0], 



\u\ 



p,b ■ 



\X\ 



\ 2/P 

'^P\u\Pdx\ <Ca 



\X\ 



-2a 



:i.3) 



For sharp constants and extremal functions we refer to Catrina and Wang [|7[. 

The natural functional space to study ( |l . l| ) is Da (M^) defined as the completion of 

C^i^^) with respect to the norm 

1/2 



-2a 



Vtil dx 



We will mainly deal with the perturbative case K[x) = 1 + ek{x), namely with the problem 



-div(|2;|-^''Vn 



A 



|2(l+a) 



U 



'l + ek{x)) 



u£Di'^(R^), M>OinM^\{0}. 
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Concerning the perturbation k we assume 

fceL°°(M^)nC(M^). (1.4) 

Our approach is based on an abstract perturbative variational method discussed by Am- 
brosetti and Badiale [||, which sphts our procedure in three main steps. First we consider 
the unperturbed problem, i.e. e = 0, and find a one dimensional manifold of radial solutions. 
If this manifold is non-degenerate (see Theorem |1.1| below) a one dimensional reduction of 



the perturbed variational problem in d\''^{M/^) is possible. Finally we have to find a critical 
point of a functional defined on the real line. 
Solutions of {Va,b,\) are critical points in V]^\{M.^) of 

where n+ := max{n, 0}. For e = we show that /o has a one dimensional manifold of 
critical points 

where z"''''^ is explicitly given in (|2.5| ) below. These radial solutions were computed for 
A = in 01, the case a = b = and — oo < A < (A'' — 2)^/4 was done by Terracini [12|. The 



exact knowledge of the critical manifold enables us to clarify the question of non-degeneracy. 



Theorem 1.1. Suppose a,b,X,p satisfy ^1-^) . Then the critical manifold Za^b,x is non- 
degenerate, i.e. 

T,Za,b,x = ]ierD^foiz) V z e Za,b,x, (1.5) 



if and only if 

-1/2 N-2-2a 



N 

h^hj{a,\) := — 



4j{N + j-l) 
{N-2- 2a)2 - 4A 



VjeN\{0}. (1.6) 




The above theorem is rather unexpected as it is explicit. It improves the non-degeneracy 
results and answers an open question in Moreover, it fairly highlights the symmetry 
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breaking phenomenon of the unperturbed problem observed in Q, i.e. the existence of 
non-radial minimizers of 

In fact we improve ||^ Thm 1.3], where it is shown that there are an open subset H C 
containing {(a, a)\a < 0}, a real number ao < and a function h :] — oo, uq] — >■ M satisfying 
/i(ao) = Oo and a < h{a) < a + 1 for all a < uq, such that for every (a, b) € H L) {(a, b) G 
I a < Oo, a < 6 < h{a)} the minimizer in ( |1.7| ) is non-radial (see figure 2 below). We 
show that one may choose oq = and h = 0) and obtain, as a consequence of Theorem 



1.1 for A = 0, 



Corollary 1.2. Suppose a,b,p satisfy (l-i). If b < hi{a,0), then Ca^b (l-^O is attained 
by a non-mdially symmetric function. 




region of non-radial minimizers in |^ region of non-radial minimizers given by fci(-,0) 

Figure 2 



Concerning step two, the one-dimensional reduction, we follow closely the abstract scheme 
in Q and construct a manifold Z^f^ ^ = | /i > O}, such that any critical point 

of fs restricted to ^ ^ is a solution to {Va,b,x)- We emphasize that in contrast to the local 
approach in Q we construct a manifold which is globally diffeomorphic to the unperturbed 
one such that we may estimate the difference ||i(;(e,^)|| when ^ ^ oo or ^ (see also 
1^, |5|). More precisely we show under assumption (|1.8| ) below that ||i«(e,/i)|[ vanishes as 

^ oo or /i — > . 

We will prove the following existence results. 



Theorem 1.3. Suppose (l.l), (1-4); '^f^d (1-6) hold. Then problem {Va,b,\) has a solution 



for all \e\ sufficiently small if 

k{oo) := lim k{x) exists and k{oo) = k{0) = 0. (1-8) 

|a;|— >oo 

Theorem 1.4. Assume (pT^,(f77^, ( [77^ and 

k € C2(]R^), |VA:| G L°°(M^) and \D'^k\ G L°°(]R^). (1.9) 
Then {Va,b,\) is solvable for all small \e\ under each of the following conditions 

limsupA;(x) < A;(0) and Ak{0) > 0, (1.10) 

>oo 

liminf ^(x) > A;(0) and Ak{0) < 0. (1.11) 



4 



VERONICA FELLI AND MATTHIAS SCHNEIDER 



Remark 1.5. Our analysis of the unperturbed problem allows to consider more general 
perturbation, for instance it is possible to treat equations like 

/I I N X + eiV(x) , ,x nP~^ 

-div (Ixl-^'^V^) - ^-^^ n = (1 + e^kix)) ^ 

Existence results in this direction are given by Abdellaoui and Peral where the case a = 
and b = is studied. We generalize some existence results obtained there to arbitrary a, b 



and A satisfying ^1.^ ) and ^l-dj ). 



Problem ( |1.1| ), the non-perturbative version of {Va^b,\)i was studied by Smets |11] in the 
case a = 6 = and < A < (A^ — 2)^/4. A variational minimax method combined with a 
careful analysis and construction of Palais-Smale sequences shows that in dimension = 4 
equation ( |1.1| ) has a positive solution u S Z^a ^(M'^) if G is positive and satisfies an 
analogous condition to (|1.8D , namely K{Q) = lim|^|^oo i^'(x). In our perturbative approach 



we need not to impose any condition on the space dimension N . Theorem L3 gives the 
perspective to relax the restriction = 4 on the space dimension also in the nonperturbative 
case. 
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Preliminaries 
Catrina and Wang |^ proved that for 6 = a + 1 



^a}a+l - Sa,a+l - ^ inf 



Di-"{R^)\{0} U^n\x\ 2(i+«)|n|2) 

2 



iV - 2 - 2a Y 
2 j 



Hence we obtain for —oo < A < ^ ^" j ^ norm, equivalent to || • ||*, given by 

1/2 



\U\\ 



We denote by P^'^(M^) the Hilbert space equipped with the scalar product induced by 



xl-^^lVuPdx - A 



|3.|2(l+a) 



dx 



:i.i2) 



{u,v) 



xr^^Vu -Vvdx- \ 



U V 



\xmi+a) 



dx. 



We will mainly work in this space. Moreover, we define by C the cylinder R x ^. It is 
is shown in |^ Prop. 2.2] that the transformation 

X 



u{x) = \x\ 2 v[ —\n 



:i.i3) 



induces a Hilbert space isomorphism from P^'^(M^) to Hj^'^{C), where the scalar product 
in iifj['^(C) is defined by 



iV-2-2o\2 



A ]viV2. 



Using the canonical identification of tlie Hilbert space I'^'^(]R^) with its dual induced by 
the scalar-product and denoted by /C, i.e. 

we shall consider f^{u) as an element of P^'^(]R^) and (n) as one of >C(P^'^(M^)). 
If we test f^{u) with ti_ = max{— n, 0} we get 



{f'ei 



U},U- 



A 



|3,|2(l+a) 



;i + eA:(2;)) 



p-i 



U- 



and see that any critical point of /g is nonnegative. The maximum principle applied in 
M''^\{0} shows that any nontrivial critical point is positive in that region. We cannot 
expect more since the radial solutions to the unperturbed problem (e = 0) vanish at the 
origin if A < (see ( |2.5D below). Moreover from standard elliptic regularity theory, solutions 
to {Va,b,x) are C^^'^IW \ {0}), a > 0. 
The unperturbed functional /o is given by 



Ixr^^lViipdx 



A 



U|2(l+a) 



dx 



■ dx, u G V 



P JRN \x\ 



and we may write fe{u) = fo{u) — eG{u), where 

1 



G{u) := - / k{x) 



\bp ' 



P JRN 

2. The unperturbed problem 
Critical points of the unperturbed functional /o solve the equation 



(1.14) 



diY{\x\^'^°-Vu) 

1,2, 



A 



1 



■ u 



(2.1) 



|3,|2(l+a) |a.|bp 

ueV'^'liW^), li > in M^\{0}. 

To find all radially symmetric solutions u of (p.l|), i.e. u{x) = u{r), where r = \x\, we follow 
and note that if u is radial, then equation ( |2.1D can be written as 

- 2a - 1 



u 

r2a 



r^" r 
Making now the change of variable 



2a+l 



I ^ 1 p-1 

■ U „/ I -IN U = —r- W . 



N~2-2a 

u{r) = r 2 (/9(ln r), 



we come to the equation 



N 



2a 



A 



0. 



(2.2) 
(2.3) 

(2.4) 



All positive solutions of ( |2.4D in if ' (M) are the translates of 

N-2(l+a-b) 

N{N - 2 - 2a)v^(iV-2-2a)2 -4A 



4{N - 2(1 + a - b)) 



4{l + a-i)) 



^ , (1 + a - b)J{N - 2 - 2a)2 - 4A ^ 

cosh — — t 

N-2{l + a-b) 



N-2(l + a-b) 
2{l + a-b) 
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namely (Pfj,{t) = <fi{t — In/i) for some > (see ||7)). Consequently all radial solutions of 
(|2.1|) are dilations of 



a, 6, A / 
Z{ ( 



N{N - 2 - 2a)yJ{N -2-2aY -A\ 
N -2{l + a-b) 

, _ ■v/(iV-2-2a)^-4A \ (iV-2-2a)(l + a-b) 
iV-2-2a ) N-2{l + a-b) 



N -2{l + a-b) 
4(l + a-6) 



2(l + a-b)-v/(iV-2-2a)^-4A 
1 + \x\ ]V-2(l + a-6) 



N~2(l + a-b) 
2(l + a-i)) 



(2.5) 



and given by 



/i > 0. 



Using the change of coordinates in (E^), respectively (1.13), and the exponential decay 



of 2;^'^'^ in these coordinates it is easy to see that the map /U 



is at least twice 



continuously differentiable from (0, oo) to ^ 



and we obtain 



Lemma 2.1. Suppose a,b,X,p satisfy ( jj.^ j- Then the unperturbed functional /o has a one 
dimensional -manifold of critical points Za^b,\ given by jz^' ' | ;U > O}. Moreover, Za^b,\ 



is exactly the set of all radially symmetric, positive solutions of ^2. 1\ ) in T^^^y 

In order to apply the abstract perturbation method we need to show that the manifold 



Za,b,x satisfy a non-degeneracy condition. This is the content of Theorem 1.1 



Proof of Theorem 1.11. The inclusion T a,b,xZab\ ^ ker Z)^/o(zu'^'^) always holds and is 
a consequence of the fact that Za^b,x is a manifold of critical points of /q. Consequently, we 
have only to show that ker L'^/o(zJl'^'^) is one dimensional. Fix u G ker D^/o(z^'*'^). The 
function u is a solution of the linearized problem 



-divd^r^^Vu 



\x\^P ^ 



U|2(a+1) 



U 



u. 



(2.6) 



We expand u in spherical harmonics 

oo 

u{r^)=Y,^i{r)Y,{'&), 



r e 



N-l 



i=0 



where Vi{r) = /gjv-i u{r'9)Yi{'d) d-d and Yi denotes the orthogonal i-th spherical harmonic 
jet satisfying for all i G No 

-Ag^-iF, = i(iV + i-2)yi. (2.7) 
Since u solves ( |2.6D the functions Vi satisfy for all i > 



Vi" ^-^ N-l-2a^,^-^ Vi . ^-t X ^^-t P - I ,nbMp-2-^ ^, 



r,2a 



Yi 



j.2a+l 

and hence, in view of ( ^?7| 
Vi" TV - 1 - 2a 

^2a 



■Vi'Yi 



.2(a+l) 



„2a+l 



^, i{N + i 

Vi + 



2) 



j.2{a+l) 

A 



Y)ViYi 



r-bp 



P — 1 



Making in ( |2.8D the transformation 
-ipi" - /3cosh"^ (j{t - In fi))Lpi = 



^2(a+l) * ^2(a+l) ' j,bp ^ M 

we obtain the equations 

2 



M)P-2^ 



N 



2a 



i{N + i 



(21 



i G No, 



where 

N{N + 2(1 + g - b)){{N - 2 - 2af - 4A) _ (1 + a - b)^{N - 2 - 2a)2 - 4A 

^ ~ 4(iV - 2(1 + a - 6))2 ^ ~ A^-2(l + a-6) ' 

which is equivalent, through the change of variable ({s) = (p{s + In^u), to 



-C/'-/3cosh-2(7s)C;= A 



iV - 2 - 2a 



iiN + i-2)]Cu «GNo. (2.C 



It is known (see [^,||lO|, p. 74]) that the negative part of the spectrum of the problem 

-C" - pcosh-^{-fs)C = K 
is discrete, consists of simple eigenvalues and is given by 
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= -— [ -(1 + 2j) + vr+4^ 



G No, < i < ^ (-1 + v/l + 4/37-2) . 



Thus we have for alH > that zero is the only solution to (^]^) if and only if 

N 

Ai{a, A) Bj{a, b, A) for ah < j < ^ ^ _ 

where 



(2.10) 



^i(a. A) = A 



iV - 2 - 2a 



i{N + i-2) 



and 



Bj{a, b, A) 



((7V-2-2a)2-4A)(l + a-6)2 



-2i + 



N 



1 + a-b 



4(A^-2(l + a-6))2 

Note that AQ{a, A) = i?i(a, 5, A), Ai{a, A) > ^j+i(a, A) and Bj{a, b, A) < Bj^i{a, b, A), which 
is shown in figure 3 below. 



A, A| A| 



Figure 3 



Hence ( p.lO| ) is satisfied for i > 1 if and only if Bo{a, b, A) / Ai{a, b, A), which is equivalent 
to 6 7^ hi(a, A). On the other hand for i = equation ( |2.9| ) has a one dimensional space of 
nonzero solutions. Hence, ker D"^ f(j{zfi'^''^) is one dimensional if and only if fe 7^ hi{a, X) for 
any i > 1, which proves the claim. □ 



Proof of Corollary 1.2 



We define / on Da 



)\{0} by the right hand side of (|1.7D , i.e. 



lVnl|2 
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I is twice continuously differentiable and 

Moreover, for positive critical points u of / a short computation leads to 

(/"(n)<^i,V92) = Tr\^{ [ |x|-2"V(/;iV(^2 - 1) / |x|-''PnP-Vi</'2 

Obviously / is constant on Za^b,o and we obtain for zi := z'^'^'^ and all ipi,(p2 S I?^'^(]R^) 

(/'(zi),(^i) = ^^(/^(zi),(/.i) = 0, 
2 

(/" (21)931, 992) = f— ^(/o(^;i)¥'i,¥'2) 

+ip-2)-^([ ix|-^p.rVi)( / N-^M"V2). (2.11) 

From the proof of Theorem |1.1| we know that for h < /ii(a, 0) there exist functions (p € 
Da (M^) of the form ip{x) = (p{\x\)Yi{x /\x\) , where Yi denotes one of the first spherical 
harmonics, such that (/q (zi)(^, (^) < 0. By ( 2.11 ) we get {I"{zi)ip,ip) < because the 
integral / \x\~^^ zf~^ (p = 0. Consequently Ca,b~^ is strictly smaller than I{zi) = I{z1^' '^). 
Since all positive radial solutions of (2J.) are given by 2:^'*'*^ (see Lemma |2.1[ ) and the infimum 
in (L7) is attained (see ||^ Thm 1.2]) the minimizer must be non-radial. □ 

As a particular case of Theorem we can state 
Corollary 2.2. 

(i) // < a < ^ and < A < then Z^.^ b A is non- degenerate for any b 
between a and a + 1. 

(ii) If a = and < A < ( ^"2"^" ) ; then Zo^b,x is degenerate if and only if b = \ = 0. 



Remark 2.3. If a = b = X = 0, equation l \2.I\ ) is invariant not only by dilations but also 
by translations. The manifold of critical points is in this case N + \- dimensional and given 
by the translations and dilations of z^'^'^ . Hence the one dimensional manifold .^0,0,0 is 
degenerate. However, the full N + 1-dimensional critical manifold is non- degenerate in the 
case a = b = X = (see 



3. The finite dimensional reduction 

We follow the perturbative method developed in and show that a finite dimensional 
reduction of our problem is possible whenever the critical manifold is non-degenerated. For 
simplicity of notation we write instead of z'^''''^ and Z instead of Za^b,x if there is no 
possibility of confusion. 



Lemma 3.1. Suppose a,b,X,p satisfy {Li) and v is a measurable function such that the 
integral J \v\p--^\x\~^^ is finite. Then the operator Jy : L'^'^(]R^) — > Z)^'^(M''^), defined by 



J^{u) :=/cf / \x\~P^vu-\ (3.1) 

is compact. 

Proof. Fix a sequence {un)n&i converging weakly to zero in To prove the asser- 

tion it is sufficient to show that up to a subsequence Jv{un) as n oo. Using the 
Hilbert space isomorphism given in ( |1.13 ) we see that the corresponding sequence (fn)neN 
converges weakly to zero in //|'^(C). Since {vn)neN converges strongly in L^(0) for all 
bounded domains in C, we may extract a subsequence that converges to zero pointwise 
almost everywhere. Going back to P^'^(]R^) we may assume that this also holds for (tin)neN- 



By Holder's inequality and (|l.3| ) 

ll-A-l^^n)!! < sup / |x|~P^|?;||u„| 

ll'»llol.2(MiV)<l' 



< sup f / ixr^ihiA'^' ( I \xr'\v\^^\u^\^^^^'-"^" 



a.X 



To show that the latter integral converges to zero we use Vitali's convergence theorem given 
for instance in |^ 13.38]. Obviously the functions | • |~''^|u|p~^|un|^^ converge pointwise 
almost everywhere to zero. For any measurable Vt C we may estimate using Holder's 
inequality 



/ 



, ,_„j„ ^ ( I , , P n(p-2)/{p-i) / r ,p\V{p-i) 



^\(p-2)/(p-l) 



for some positive constant C. Taking a set of small measure or the complement of a large 
ball and the use of Vitali's convergence theorem prove the assertion. □ 



Lemma |3.l| immediately leads to 

Corollary 3.2. For all z e Z the operator f^iz) : ^^'^(M^) may be written 

as f(){z) = id — J\z\p-'2 and is consequently a self-adjoint Fredholm operator of index zero. 

Define for > the map : I?^;^(M^) ^ dI''^^{R^) by 

/ N _ N-2-2a /X 

It is easy to check that conserves the norms || • || and || • \\p^b, thus for every > 

{U^r' = {U^y = U^-i and /o = /o o (3.2) 

where {U^Y denotes the adjoint of U^. Twice differentiating the identity /o = /o ° yields 
for ah hi,h2,v (£ ^^;^(M^) 

U'^{v)hrM) = {f'^{U^{v))U^{h^),U^{h2)), 
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(3.3) 



Differentiating (3^) we see that U{fj,,z) := Ufj,{z) maps (0, co) x Z into Z, hence 
dU 

— (m,^) = U, : T^Z ^ r^^(,)Z and U, : {T^)^ ^ {Tu,[z)Z)^- (3-4) 

If the manifold Z is non-degenerated the self-adjoint Fredholm operator /(^{zi) maps the 
space D^'^(]R^) into Tz-^Z-^ and /q (-^i) G ^{Tz-^Z-^) is invertible. Consequently, using 
and ( |3.4D , we obtain in this case 

\\ifoizi))-'\\ciT.,z-) = ll(/a^))-1z:(T.z^) G 



(3.5) 



Lemma 3.3. Suppose a,b,p,X satisfy and (L4) holds. Then there exists a constant 

Ci = Ci(|lA;||oo, a, 6, A) > such that for any fi > and for any w € D^'^(]R^) 

\G{z, + w)\<C,{\\\k\yPzX,b+\\Mn (3.6) 
\\G'{z, + w)\\ < C^{\\\k\'/^zX~' + \\w\r') (3.7) 

\\G"{z, + u;)|| < Ci(|||fe|i/%||^7,2 + \\w\r'). (3.8) 

Moreover, ifl^m\x\^oo k{x) =: A;(oo) = = A;(0) then 

as n ^ oo or ^ 0. (3.9) 

Proof. (|3.6|)-(|3.8D are consequences of (^^) and Holder's inequality. We will only show (|3.8|) 
as (|3.6D -( |3.7|) follow analogously. By Holder's inequality and (1.3) 



\\G"{z, + w)\\<{p-l) 



sup 



\k{x)\. 



||/ll||,||h2||<UM^ Fl 

< {p-m\k\'/m sup iiifci^/^(z^+u;)iif,i/iiiuii/i2iu 

l|/il|l.ll^2||<l 

<cmUa,b,X)\\\k\'/^{z^ + w)\\;-],\ 



Using the triangle inequality and again (|l.3| ) we obtain (|3.q ). 

Under the additional assumption A;(0) = ^(oo) = estimate ( ^.g| ) follows by the dominated 
convergence theorem and 



RN \X 



□ 



Lemma 3.4. Suppose a, b, p, A satisfy ^1.4) and l \1.4 ) (md dl.di ) hold. Then there exist 
constants e(),C > and a smooth function 



w = w{fi,e): (0, +00) X (-eo,eo) — ' 
such that for any fi > and e G (— Eq; ^0) 

w{fi,£) is orthogonal to Tz^Z 
f^{z^ + wifi,e)) GTz^Z 
\\wifi,e)\\ <C\e\. 



V 



(3.10) 
(3.11) 
(3.12) 
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Moreover, if ^1.^) holds then 



'\w{fj,, e) II — > as /U — i- or fi ^ oo. 



(3.13) 



Proof. Define H : (0, oo) x dI'1{R^) 



X IR X 



D 



1,2 mAT 



H{n,w,a,e) := {f'^{z^ + w) - a^^, (u;,^/.)), 

where denotes the normahzed tangent vector ^z^. If H{fi,w,a,e) = (0,0) then w 
satisfies (CT)-(|3lT|) and H{ij,, w, a, e) = (0, 0) if and only if {w, a) = F^^i;{w, a), where 



dH 



d{w, a) 



(//, 0,0, 0)) H{fi,'w,a,e) + {w,a). 



We prove that Ffj_^£{w,a) is a contraction in some ball Bp{0), where we may choose the 
radius p = p[e) > independent of z G Z. To this end we observe 



dH 

d{w, a) 



(^,0,0,0) {w,(3), {f^{z^)w - Pi^, {w,i^)) = \\fi;(z^)ujf + (3^ + \iw,i^)\\ 



(3.14) 



where 



dH 

d{w, a) 



(/z, 0, 0, 0) {w, /3) = U'^{zp)w - f3i^, {w, i^)). 



From Corollary 3^ and ( 3.14| ) we infer that (g^^(/^) 0, 0, 0)) is an injective Fredholm 
operator of index zero, hence invertible and by (|3.5| ) and ( ^.14 ) we obtain 



dH 

d{w, a 



■(a^, 0,0,0) 



<max(l,||(/a^^))"i)=max(l,||(/;^'(zi))-i||)=:a. (3.15) 



Suppose {w,a) G Bp{0). We use ( p. 3D and ( 3.15| ) to see 

dH 



\\Ff,,siw,a)\\<a 



H{p, w, a, e) 



d{w, a] 

< C*\\f'e{Zli+w) - fo{Zi,)w\\ 



ip,0,0,0)){w,a) 



<a [' \\foiz^ + tw)-f[;{z^)\\ dt ||«;||+a|e|||G'(z/, + u;)|| 
Jo 

<a / ||/^(zi+tC/^-i(«;))-/^(zi)|| dt ||u;||+C,|£|||G'(z^ + «;)|| 
Jo 

<C^p sup ll/o (2;i + w) - /o (^;i)|| + C'*kl sup ||G'(z^ + u;)||. (3.16) 

||to||<p ll'i'll^P 
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Analogously we get for {wi,ai), (^2,02) € -Bp(O) 
||F^,g(wi,ai) - F^,e(w2, 02)11 ^ + wi) - f'^{z^ + W2) - /o - W2) 

C*||it;i — 7i;2|| ~ ll'Wi— it;2|I 

\\fe{Zti + W2 + t{wi -W2)) - fo{Zf,)\\ 
^ Il/O (^M + "^2 + - ^^2)) - /o (^m)II 

I / + 7i;2 + - tL'2))|| 

JO 



< / \\f'J(z„+W2 + t(w^ -w^))- f!!(z„)\\ dt 
< 

+ kl 

^ u 

< sup \\fo{zi + w) - fo{zi)\\ + \e\ sup + w)||. 

||«l||<3p li'^^liSrSp 



We may choose po > such that 

a sup ||/^(zi + ^)-/^(zi)ii<i 



l!<3po 

and eg > such that 



2eo < ( sup + ^ and 3eo < ( sup \\G'{z + w)\\) Vo- 

With these choices and the above estimates it is easy to see that for every G Z and 
|e| < eo the map F^^^ maps i?p(j(0) in itself and is a contraction there. Thus F^^^ has a 
unique fixed-point (if e), a(/i, e)) in Bp^^ (0) and it is a consequence of the implicit function 
theorem that w and a are continuously differentiable. 

Prom (3.16) we also infer that Fz^e maps -Bp(O) into Bp{0), whenever p < po and 

p>2\e\{ sup ||G'(z + '«;)||)C7,. 

<P 

Consequently due to the uniqueness of the fixed-point we have 

\\{w{z,e),a{z,e))\\ <3\e\{ sup \\G'{z + w)\\)C^, 

\\M\<po 

which gives ( pl|) . Let us now prove (|3.13| ). Set 

p^:=min|4eoC.Ci|||fc|VP^^||^-\po,(^^^^)'^} 

where Ci is given in Lemma |3.3| . In view of ( ^.Tj ) we have that for any |e| < eq and > 

2|e|C, sup ||G'(2^ + «;)|| <2|e|C,Cl|||A;|l/^'z^||;;-^ + 2|e|aCl/>P-V• 
ll"'!l<PM 

Since pft~'^ < SeoC^iC have, 

2\e\a sup ||G'(z^ + ii;) <2|e|C,Ci|||fcji/Pz^||;;7,V^P^</9^, 
II"'II<pm ' 

so that, by the above argument, we can conclude that F^^^ maps Bp^{0) into Bp^{Q). Con- 
sequently due to the uniqueness of the fixed-point we have 

\\w{p,e)\\ < Pp. 

Since by ( |3.9| ) we have that — for ^ ^ and for p +00, we get ( p. 13 ). □ 
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Under the assumptions of Lemma we may define for \e\ < Eq 

Zlb,x ■■= e Kii^"") I « = ^f'^ + ^(t^^ e (0, oo)}. (3.17) 
Note that is a one dimensional manifold. 



Lemma 3.5. Under the assumptions of Lemma 3.4 we may choose Sq > such that for 
every \e\ < £q the manifold is a natural constraint for f^, i.e. every critical point of 
felz'^ is a critical point of fe. 

Proof. Fix u (z Z^ such that f^l'^^iu) = 0. In the following we use a dot for the derivation 
with respect to fi. Since (i^, i(j(/i, e)) = for all /i > we obtain 

{Zf,, win, e)) + {Zf„w{ij, e)) = 0. (3.18) 

Moreover differentiating the identity z^ = U^z^/^ with respect to fi we obtain 

i(j = —UaZi and z^ = -^Ua'zi. (3.19) 
a cr^ 

From (|3ll] ) we get that f'^{u) = cii^ for some ^ > 0. By (|3l8| ) and ( ^Igj) 

= (/eH>^M +W{^t,£)) = Ci{z^,Zf, + w{fl,e)) 

= cifi^^{\\zif - {zi,U^-iw{fi,£))) = ci^~^(||ii||^ - pi|[0(l)e)). 
Finally we see that for small e > the number ci must be zero and the assertion follows. □ 

In view of the above result we end up facing a finite dimensional problem as it is enough to 
find critical points of the functional : (0, oo) M given by /e|z=- 

4. Study of <&£ 

In this section we will assume that the critical manifold is non-degenerate, i.e. ( |1.5D , such 
that the functional is defined. To find critical points of = fe\z^ it is convenient to 
introduce the functional F given below. 

Lemma 4.1. Suppose a,b,p,X satisfy and holds. Then 

^e{p)= f^{zl)-eT{^Ji) + o{e), (4.1) 
where r(/_f) = G{z^). In particular, there is C > 0, independent of fi and e, such that 

|$,(m) - (/o(zi) -eF(/.))| < C{\\w{e,t,)\\'' + (1 + \e\)\\w{e,iiW + \e\\\w{e, . (4.2) 
Consequently, if there exist < < /U2 < /U3 < oo such that 

T{^X2) > max(r(^i), F(^3)) or F(^2) < min(r(/ii), r(^3)) (4.3) 
then will have a critical point, if e > is sufficiently small. 

Proof. Note that for all /i > we have /o(-Zfj) = fo{zi), 



From (4.4) we infer 

1 /■ -^M 1,1 / Mi2 , /■ zfr^w{e,fi) 1 f {l + ek){zf, + w{e,n)y 



Mi^) = U n^ + ^M^'/^)ll'+ / 

2 Jrn Ixl^P 2 J^i 



x\''P P Jrn \x\''p 



and 



fo{zi) = fo{z^) = -||z 



1„ „2 If zl _ (\ 1 



2"^" pWn\x\^v \2 pJJ^n\x\^p 
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Hence 

«>e(/x) = /o(zi) - er(^) + hw{e,fi)f - -H,{fi), (4.5) 

2 p 

where 



Using the inequahty 



{z + wy-^ - z'-^ - (p - l)z'-^w < 



Ciz'-'^w'^ + w''^^) ifs>3 
C w'"^ if 2 < s < 3, 

where C = C(s) > 0, with s = p + 1 and Holder's inequahty we have for some 02,03 > 

,rr , f \{zf, + w{e,fi)Y - zf,-pz^^~^w{e,n)\ f \k\{{Zf, + w{e,i2))P - z^^) 

\^s[fJ')\ S / T-fTT h \e\ 



<C2 



< C3 [\\w{e,f,)f + (1 + |£|)||«;(e,/x)r + |e|||i/;(e,/x)||] 
and the claim follows. □ 

Although it is convenient to study only the reduced functional T instead of it may lead 
in some cases to a loss of information, i.e. T may be constant even if k is a non-constant 
function. This is due to the fact that the critical manifold consists of radially symmetric 
functions. Thus F is constant for every k that has constant mean-value over spheres, i.e. 



7— j- / k{x) dS{x) = const Vr > 0. 



In this case we have to study the functional $e(/i) directly. 
Proof of Theorem U|. By (U), and Q 

lim = lim ^^(/i) = /o(zi). 

Hence, either the functional <I>e = /o(zi), and we obtain infinitely many critical points, or 
^ foizi) and has at least a global maximum or minimum. In any case has a 
critical point that provides a solution of {Va,b,\)- n 

The next lemma shows that it is possible (and convenient) to extend the C^— functional T 
by continuity to /U = 0. The proof of this fact is analogous to the one in |^, Lem. 3.4] and 
we omit it here. 



Lemma 4.2. Under the assumptions of Lemma |^ 

IP 



r(0) := lim T{li) = A:(0)- llzi 11^ and (4.6) 



- liminf A:(2;)||zi 11^' , < liminf r(^) < limsupr(;u) < - limsup A;(x)||zi ||f , . (4-7) 

P \x\^oo P'° l^-*co ^^00 P \x\- ^' 



If, moreover, ( fj.5| J holds we obtain 



m = 0».r"(0) = ^/|.pili^. (4.8) 
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Proof of Theorem lA . To see that assumptions (|1.1C1| ) and ( 



point we use the functional F. Condition ( [1.10 ) and Lemma 4.2 imply that T has a global 



1.11 ) give rise to a critical 



maximum strictly bigger than r(0) and limsup^^g^^ r(/u). Consequently has a critical 



point in view of Lemma 4.1. The same reasoning yields a critical point under condition 



O- □ 

References 

B. Abdellaoui and I. Peral. Perturbation results for semilinear elliptic equations with 
critical potential (2001). Preprint. 

A. Ambrosetti and M. Badiale. Variational perturbative methods and bifurcation of 
bound states from the essential spectrum. Proc. Roy. Soc. Edinburgh Sect. A, 128 
(1998), no. 6, 1131-1161. 

A. Ambrosetti, J. Garcia Azorero and I. Peral. Perturbation of Au + u^^~^'^^^^^~'^^ = 0, 
the scalar curvature problem in R^, and related topics. J. Funct. Anal., 165 (1999), 
no. 1, 117-149. 

A. Ambrosetti, J. Garcia Azorero and I. Peral. Remarks on a class of semilinear elliptic 
equations onR", via perturbation methods. Adv. Nonlinear Stud., 1 (2001), no. 1, 1-13. 
M. Badiale. Infinitely many solutions for a semilinear elliptic equation in R" via a 
perturbation method. Ann. Polon. Math., (2000). To appear. 

L. Caffarelli, R. Kohn and L. Nirenberg. First order interpolation inequalities with 
weights. Compositio Math., 53 (1984), no. 3, 259-275. 

F. Catrina and Z.-Q. Wang. On the Caffarelli- Kohn- Nirenberg inequalities: sharp 
constants, existence (and nonexistence), and symmetry of extremal functions. Comm. 
Pure Appl. Math., 54 (2001), no. 2, 229-258. 

A. Gonzalez-Lopez, N. Kamran and P. J. Olver. Normalizability of one- dimensional 
quasi-exactly solvable Schrodinger operators. Comm. Math. Phys., 153 (1993), no. 1, 
117-146. 

E. Hewitt and K. Stromberg. Real and abstract analysis. Springer- Verlag, New York 
(1975). A modern treatment of the theory of functions of a real variable. Third printing. 
Graduate Texts in Mathematics, No. 25. 

L. D. Landau and E. M. Lifshitz. Quantum mechanics: non-relativistic theory. Theo- 
retical Physics, Vol. 3. Pergamon Press Ltd., London-Paris (1958). 
D. Smets. Nonlinear Schroedinger equations with Hardy type potential and critical 
nonlinearities (2001). Preprint. 

S. Terracini. On positive entire solutions to a class of equations with a singular coeffi- 
cient and critical exponent. Adv. Differential Equations, 1 (1996), no. 2, 241-264. 

ScuOLA Internazionale di Studi AvANZATi, S.I.S.S.A., Via Beirut 2-4, 34014 Trieste, Italy 
E-mail address: schneid@sissa.it, felli@sissa.it 



